Biometrika (1997), 84, 4, pp. 863880
Printed in Great Britain

Nonparametric estimators of the bivariate survival function
under simplified censoring conditions

By WEIJIING WANG

Institute of Statistics, Academia Sinica, Taiwan
e-mail: wjwang@stat.sinica.edu.tw

AND MARTIN T. WELLS

Department of Social Statistics & Statistics Center, Cornell University, New York 14853,
US.A.
e-mail: mtwl@cornell.edu

SUMMARY

New bivariate survival function estimators are proposed in the case where the depen-
dence relationship between the censoring variables are modelled. Specific examples include
the cases when censoring variables are univariate, mutually independent or specified by
a marginal model. Large sample properties of the proposed estimators are discussed. The
finite sample performance of the proposed estimators compared with other fully non-
parametric estimators is studied via simulations. A real data example is given.
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1. INTRODUCTION

Unlike the univariate Kaplan & Meier (1958) estimator, which has the usual optimal
properties, estimators of the bivariate survival function proposed in literature have some
unsatisfactory features and are in general quite complex (Gill, 1992). Roughly speaking,
the bivariate censoring complicates the analysis. This paper considers situations when the
relationship between the censoring variables can be simplified so that estimation of the
joint survival function is more direct.

Let (X}, Y;) (i=1,...,n) be n independent and identically distributed pairs of bivariate
failure times with a common joint survival function F(x, y)=pr(X = x, Y>y) and let
(Cy, Cy) (i=1,...,n) be n independent and identically distributed pairs of censoring
variables with a common joint survival function G(x, y) = pr(C, = x, C, 2> y). Let F;(.) and
G,(.) (i=1, 2) denote the marginal survival functions of X, Y, C, and C,, respectively. If
we assume right censoring, the observed variables become

(Xb ?;) = {(Xi A Cu)a (Yi A C2i)}’ (5;‘, f) = {I(Xi < Cu), I(Yl < Cz:)} (i =1..., "),

where A denotes the minimum and I(.) denotes the indicator function. Denote by
H(x, y) =pr(X = x, Y > y) the joint survival function of observables (X;, ¥}) (i=1,...,n).
It is usually assumed that (X, Y;) are independent of (C,;, C;) for all i in order to ensure
identifiability (Pruitt, 1993) of the survival function. Several nonparametric estimators of
F(x, y) have been proposed such as those by Hanley & Parnes (1983), Tsai, Leurgans &
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Crowley (1986), Dabrowska (1988), Prentice & Cai (1992) and van der Laan (1996).
Without imposing further structure on the model the expressions of these estimators, and
their limiting variance, are quite complex.

Consider the following decomposition of the survival function, whose validity relies on
the assumption of independence between the failure times and the censoring times:

H(x, y)
G(x,y)

The survival function of the observables, H(x, y), can be estimated by the empirical survival
function,

F(x,y)= (11)

Aey)= 3 1> %2y

Estimation of G(x, y), in general, is dual to the estimation of F(x, y) since (C,, C,) are also
censored by (X, Y). However, it may well be that practitioners possess useful information
which may simplify the analysis. For instance, when the relationship between C,; and C,
is known or can be modelled, the estimation of G(x, y) can be simplified. Hence in general
we will use

H(x, y)
G(x, y)

to estimate F(.,.). The denominator will be estimated differently for each proposed cen-
soring model. In § 2, we discuss estimation of G(x, y) under various simplifications to the
censoring scheme. In § 3 we discuss the large sample properties of the proposed estimators.
Simulation results which demonstrate the finite sample properties are presented in § 4,
and a real data example is given in § 5. The proofs of the results are sketched in the
Appendix.

F(x,y)= (1-2)

2. THE PROPOSED ESTIMATORS UNDER SIMPLIFIED CENSORING CONDITIONS
2-1. Univariate censoring

In some studies of failure times it may be reasonable to assume that censoring is
univariate, that is, C; = C, = C. In the case of univariate censoring one can show that

prX <Y,6*=0,6"=1)=pr(C<Y,C<X,C>Y)=0,
and similarly that
priX>Y6*=1,6"=0)=pr(X>C,X<C,C>Y)=0.

Furthermore (5%, §”) = (0, 0) implies X = Y= C. The above relationships provide necess-
ary conditions for a univariate censoring mechanism. Under univariate censoring, the
monotonicity of a survival function implies

G(x, y)=pr(Cy > x, C; > y) = G4(x) A Ga(y), (21a)

where G,(x) = pr(C; > x) and G,(y) = pr(C, > y). The quantity G,(x) A G,(y) is called the
upper Fréchet bound of G(x, y) (Genest & MacKay, 1986). Hence, under univariate
censoring, the bivariate survival function G(x, y) can be estimated by

G(x, y) = Gi(x) A Gy(y), (2-1b)
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where G,(.) is the Kaplan—Meier estimator of G;(.) (i = 1, 2). When ties are absent, G,(t) =
A,(t)/F(¢t) (Shorack & Wellner, 1986, p. 295), where H;(.) (i = 1, 2) are the empirical sur-
vival functions of X and Y, respectively, and F;(.) are the Kaplan-Meier estimators of F;(.)
(i=1,2) respectively. Lin & Ying (1993) proposed a survival function estimate under
univariate censoring through the Kaplan-Meier estimator based on C;=C, A (X;V Y;) =
X,vYand 66=1—676 (i=1,...,n). The proposed estimator provides an alternative
to the Lin-Ying estimator, and it will be shown in § 3-2 that our estimator has smaller
asymptotic variance.

2-2. Independent censoring

In some case-control studies, it may be reasonable to assume that the patients in the
case and control groups are censored via independent mechanisms. Hence,

G(x, y) = G,(x)G(y), (2-2a)
and a reasonable estimate of the bivariate survival function G(., .) is given by
G(xs y)= 61(3‘)62(}’)- (2:2b)

The independence assumption between C; and C, can be checked by a test such as those
proposed by Oakes (1982), Pons (1986) and Dabrowska (1986).

2:3. The copula censoring model
Suppose that there exists a known function C,(.,.) such that

G(x,y) = C,{G(x), G2 (»);, (2:3a)

where C,(.,.): [0,1] x [0,1]—[0, 1] and « is a dependence parameter. If G(x, y) can be
modelled as a function of its marginals, it can be estimated by plugging estimates of the
marginals, such as the Kaplan—Meier estimates, into that function. If one can find an
estimator of a, denoted by 4, then the estimate of the bivariate survival function G(., .) is
given by

G(x, y) = Ca{G1(x), G2(3)}- (2:3b)

There has been substantial work in modelling the dependent relationship of two variables
by separating their marginal effects (Clayton, 1978; Oakes, 1989; Genest & Rivest, 1993).
The so-called ‘copula’ function C,(.,.), which by itseif is a survival function on
[0,1] x [0, 1], describes the local dependence structure. The parameter o measures global
association and is related to Kendall’s tau, denoted by t, through the equation

1 1
=4 J J. C,(u, v)C,(du, dv) — 1.
o Jo

In the two extreme cases of C, = C, (1 = 1) and, where C, and C, (t =0) are independent,
(2-3a) reduces to (2-1a) and (2-2a) respectively.

There have been several papers on estimation of « when the dependence structure C,(., .)
is specified up to a but the marginal distributions remain unspecified, including the pseudo-
likelihood approach of Genest, Ghoudi & Rivest (1995), and a cumulative hazard variate
correlation approach of Hsu & Prentice (1996).
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3. PROPERTIES OF THE PROPOSED ESTIMATORS
3-1. General

In this section, we discuss the consistency and weak convergence of the proposed esti-
mators. All the limit results are as n — oo. Specifically, in the development of weak conver-
gence results of n*{F(x, y) — F(x, y)}, by (1-1), (1-2) and consistency of F(.,.), G(.,.) and
HA(., ), it follows that

A,y H(x Y)}

n*{F(x, y)— F(x, y)} = nt {@(x’ ¥ G(x,)

F(x, y) F(x, y)
= A6 n*{H(x, y)— H(x, y)} — oy n(G(x, y) — G(x, y)}
=”%w[H@J¢%mn»—H@ﬁ}
1
"~ G(x, ) n*{G(x, y) ~ G(x, _V)}:l + 0,(1). (31)

Define the following processes:

Alx, y)= H(x, y) ni{H(x’ y)— H(x, y)},
Bio)= — s A ~ @) G=1.2)
1 (32)
Co) =A@ - F) G=1.2)
1
Do) = g5 MO~ G} G=1,2)

Using similar arguments as in (3-1) and by consistency of H,(.) and F(.), we can show
that

Di(2) = — {Bi(2) + Ci(2)} + 0,(1) (i=1,2).

It is clear that each process in (3-2) converges weakly to a zero-mean Gaussian process.
We will show that, under the simplified censoring mechanisms and some mild smoothness
conditions, n*{G(x, y) — G(x, y)} and n*{F(x, y)— F(x, y)} can be expressed as the sum of
the above processes.

3-2. Univariate censoring
The proposed estimator under univariate censoring is constructed by plugging (2-1b)
into (1-2), that is
A(x, y)
G1(x) A G2 (3)
Note that, under univariate censoring, we set G(.)=G,(.) = G,(.) and hence G(x V y)=

G(x, y). The strong consistency and weak convergence of F(x, y) under univariate censoring
are established in the next two results.

F(x,y)= (33)
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THEOREM 1. Assume C=C,=C, and that C and (X, Y) are independent. Then, for x
and y such that G(x, y) > 0,

G(x, y) = G1(x) A G3(y) > G1(x)
with probability 1 if x>y, and
G(x, y)= Gl(x) A Gz(}’) = G,(y)

with probability 1 if x <y. Furthermore, for x and y such that H(x, y) = F(x, y)G(x, y) >0,
F(x, y) = F(x, y) with probability 1.

One can show that, for the estimator in (3-3), for x = y, G(x, y) = G(x) = G,(x) and
n#{F(x, y) — F(x, y)} = F(x, Y){A(x, y) + By (x) + C1(x)} + 0,(1)
= F(x, y{A(x, y) — D1(x)} + 0,(1). (3-4a)
Similarly, for x < y, G(x, y) = G() = G,(y) and
n#{F(x, y) = F(x, y)} = F(x, Y){A(x, y) + B2(y) + C2(1)} + 0,(1)
= F(x, Y{A(x, y) — Dy(y)} + 0,(1). (3-4b)

THEOREM 2. Assume C=C;=C, and that C and (X, Y) are independent. Then, for x
and y such that H(x, y)=F(x, y)G(x, y) >0, n*{F(x, y) — F(x, y)} converges weakly to a
mean zero Gaussian process with asymptotic variance given by:

(i) for x=y,

7*x, )= F¥(x, ) {H(i, TR L H(f;‘))} (3:53)
=Gy P {1 f x Fju();g?(u)}’ (330

(i) for x <,
=P s -7 | i) e
e G o

where A,(du) = —dF,(u)/F,(u) and A,(du) = —dF,(u)/F,(u) are marginal hazards of X and
Y, respectively.

The limiting variance o?(x, y) can be easily estimated by plugging in empirical estimates
of each unknown component. For example, (3-5a) can be estimated by

) 1 1 nX;I(%;=%,0]= 1):|
#(x, )= F*(x, y) [H(x, ) Re T HZ“ {X,1(%,> %))

(37)

Since each estimator in (3-7) is consistent, it is easy to see that 2(x, y) = ¢*(x, y) in prob-
ability. The asymptotic covariance of n*{F(x, y) — F(x, y)} involves lengthy expressions
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and is not very useful in practice; hence it is not presented. It will be interesting to compare
o2(x, y) with the asymptotic variance of the Lin & Ying (1993) estimator which is given

by
Fs)) > dGw) |
vo=geryreot- | sveaay O

It is clear to see from (3-:5b) and (3-8) that variances of the two estimators only differ by
one term. Since F;(u)<pr(X V Y>u) (i=1,2) for all u and dG(.) <0, it is clear that
F(x, y) = o*(x, y).

3-3. Independent censoring

Under the independence of the censoring time model, the proposed estimator is con-
structed by plugging (2-2b) into (1-2), that is

A(x, y)
Gx(x)éz(}’)'

Each component in (3-9) is strongly consistent. It will be shown that, under the hypothesis
C,1LC,, F(x, y) in (39) is also strongly consistent.

THEOREM 3. Assume that both C, and C, and (C,, C,) and (X, Y) are independent. Then,
for x and y such that G(x,y)>0, G(x,y)=G,(x)G,(y)— G(x, y) with probability 1.
Furthermore, for x and y such that H(x,y)=F(x, y)G(x, ) >0, F(x,y)— F(x,y) with
probability 1.

Fx, y)= (39)

To deduce weak convergence if C, and C, are independent, using the notation in (3-2)
one can write

n{F(x, y) = F(x, y)} = F(x, Y{A(x, y) + By(x) + C1(x) + Bo(y) + C2(1)} + 0,(1)
= F(x, Y{A(x, y) = D1(x) — D2(y)} + 0p(1). (310)

THEOREM 4. Assume that both C, and C, and (C,, C,) and (X, Y) are independent. Then,
for x and y such that H(x, y) = F(x, y)G(x, y) > 0, n*{F(x, y) — F(x, y)} converges weakly to
a zero-mean Gaussian process with the asymptotic variance, *(x, y), equal to

J' *dGy(u) + J 7 dG,(w)
H(x,y)  Jo FiwGi(w) J, F,(u)Gi(u)
H(x, y) 1 ["pr(X=x, Ye[v, v+ dv), 6" =1)— H(x, v)A,(dv)
[Hl(x)Hz(,V) H,(x) J- Hy(v)

1 *pr(X e[u,u+du),d*=1,Y>y)— H(u, y)A,(du)

2(¥) J. H,(u)

_H(u,v) H(du, v)
f f H@H0) {A“‘d“ )= B, v 2@

F*(x, y) x < +1

H(u, dv)
B H(u, v)

A (du) + A,(du)Az(du)}]). (311)
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Note that the expression in (3-11) is quite complex, but each component in (3-11) is
estimable, so it is easy to construct a consistent estimator by plugging in the empirical
versions of the unknown functions.

3-4. General censoring condition

Under the marginal model in (2:3a), one can estimate F(x, y) by plugging (2-3b) into
(1-2), that is

Hx, )
C:{G,(x), Gz(}’)} ’

where & is an estimator of a. As long as C,(.,.) satisfies some smoothness conditions and
& is a reasonable estimator of a, then the estimator will be consistent and converge weakly
to G(x, y) at rate n~* and so will F(x, y). Specifically, one can write

G(x, y) — G(x, y) = C,{G,(x), G,(»)} — C,{G1(x), G, ()}
+ C4{Gy(x), Go(3)} — C.{G1(x), Go(1)}- (313)

F(x’ y)=

(312)

If we assume that C,(.,.) is twice differentiable in both arguments, a Taylor expansion
yields

Ca{G1(x), G2y} — C.{G1(x), G2 (»)}

9C . oC
- el ) (6109 — Gy + 2 (62— G}
{G1(x).G2»} {G1(x),G200)}
1 2%, 2°C,(u,) ,
o | GO G+ s L o G =)
5°C,fu, v 3 |
i C= GG - G (314)

where (u*, v*) € (0, 1) x (0, 1) are intermediate values. If C,(., .) is twice differentiable at «,

aCa(GI:GZ) 1 62 a(Gl’GZ)

CalG1(x),G2(M} = CofG1 ()G (M)} =——{d—a} + o) {8-a}?,

) (3-15)

a

where a* is an intermediate value. The following theorem states that, by strong consistency
of G i{(:) i=1,2) and 4 and boundedness of the derivatives, strong consistency of G(x, y)
and F(x y) can be established.

THEOREM 5. Suppose the marginal model in (2-:3a) holds, C,(.,.) is twice differentiable
and has bounded derivatives in the two arguments, G;(.)— G,(.) (i=1,2) and d—a with
probability 1. Then, for x and y such that G(x, y) >0,

G(x, y) = C:{G1(x), Go(y)} = G(x, )

with probability 1, and hence, for x and y such that H(x, y)= F(x, y)G(x, y) >0,
F(x, y)— F(x, y) with probability 1.
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To simplify the notation, define

Ky )= u 0C,(u,v) K v aC,(u,v)
T T T
K, - 1 0C,(u,v)
WOU="C o) ox

By (3:14) and (3-16), one can write

T n*[C,{G,1(x), Go(»)} — Co{G,(x), Go(»}] = K1 {G,(x), G2(3), ¢}D;(x)

+ K2 {Gl(x), GZ(y)’ a}DZ(y) + Rlﬂ'
(3-17a)
Similarly, one can write

1
G(x,y)

n#[C{G,(x),G2()} — C.{G1(x),G2(1)}] = K3{G1(x).G1(3).a}n*(@ — ) + Ry
(3-17b)
It will be shown that the remainder terms, R;, and R,,, are both o,(1). It follows that

1
G(x, y)

n*{G(x, y) ~ G(x, y)} = K1{G1(x), Ga(y), a} D1 (x) + K2 {Gy(x), Ga(y), &} D;(3)

+ K3{G(x), G3(y), a}n*(@ — o) + 0,(1). (3-18)
Hence, by (3-1),

n*{F(x, y) — F(x, )} = F(x, y)[A(x, y) — K;{G,(x), G(), }D;(x)
— K, {G,(x), G,(y), a}D,(y)
— K3{G,(x), G5(y), a}n*(@ — )] + 0,(1).  (3:19)

Note that, under univariate censoring,
Cu,v)=uAv={u+v)—|u—vo|}/2,

which is continuous but not differentiable at u = v. However, under the independence of
C, and C,, all the models reduce to C(u, v) = uv, which satisfies the differentiability con-
dition. In this case, K, (4, v) = K,(u, v) = 1. Thus Theorem 4 is a special case of the following
more general result.

THEOREM 6. Suppose the marginal model (2-3a) holds and

(1) C.(.,.)e¥?

(ii) C, is twice differentiable at « and both derivatives are bounded.

(iii) n*@—a)=0,(1).
Then, for x and y such that H(x, y)= F(x, y)G(x, y) >0, n*{F(x, y) — F(x, y)} converges
weakly to a zero-mean Gaussian process. When o is known, the asymptotic variance of
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ni{ﬁ(x) ,V) - F(x’ y)} s

— 1+ K2{G,(x), G,(y), a} {1 - f i ﬂ}

o Fi(W)G}(u)
7 dGy(w)
+ K%{G,(x), G,(y), a} {1— J; m}

O.J(X, y) = Fz(xa y) (H(x y)

+ l{ 1(X), 2(}’)’ a} o Fl(u)Gf(u)
7 dGy(u)
+ 2K, {G,(x), G2(y), «} J F0@w
+ 2K, {Gy(x), G2(¥), 2} K2 {G1(x), G2(), a}
y [ H(x,y) 4 1 J"’ pr(X > x, Ye[v, v +dv), 8" =1)— H(x, )A,(dv)
H,(x)H(y) Hi(x) Jo H,(v)
N 1 J" pr(X e [u,u+du),6*=1, ¥>y) — H(u, y)A,(du)
Hy(y) Jo H,(u)
y *  H(u,v) H(du, v)
+ J; L —Hl(u)Hz(v) {All(du, dv) — Hew. 0) A, (dv)
-~ Z(E‘u ‘i’;) A,(du) + Al(du)Az(dv)}:D. (320)

When « is unknown, from (3-19) it can be seen that ¢%(x, y) contains extra terms
involving the variance of n*(@ —a) and its covariances with A(x,y) and D,(.) (i=1,2)
which, however, may be difficult to derive even when the form of & is given. In this case,
o%(x, y) can be estimated using the bootstrap.

Generally speaking, the proposed estimator in (3-12) imposes a semiparametric structure
on (Cy, C,) and hence is subject to model misspecification and the error produced by 4.
The robustness of the proposed estimator will be studied through simulations.

4. SIMULATION RESULTS

A series of 1000 simulations were carried out for comparing the finite sample
(n =60, 250) performance of different estimators of F(x, y), namely the Dabrowska (1988)
estimator, the Prentice & Cai (1992) estimator, the Lin & Ying (1993) estimator and the
proposed simplified estimators under different censoring mechanisms. In the simulations,
(X, Y) and (C,, C,) are both generated by the Clayton (1978) family using the algorithm
discussed in Prentice & Cai (1992). The dependence structure of Clayton’s family is of
the form

Co(u, )= "*+0' 75— 1)"1"D (4, pe (0, 1)), (4-1a)
where

1=(a— 1)/ +1). (4-1b)
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As a— 00, T—1 and as a— 1, 1—»0. We will denote by ., and 7, ., the Kendall’s tau
measures of (X, Y) and (C,, C,), respectively. In each simulation run, marginal censoring
rates are around 30-40%.

Table 1 presents the simulation results under univariate censorship for 7, , = 0-67. Four
estimators are compared based on the average bias and standard deviation on 9 points.
Relative performance of the four estimators is quite consistent regardless of 1, , and the
sample size. The Dabrowska and Prentice—Cai estimators perform very similarly and have
slightly smaller variation than the two simple estimators specified for univariate censored
data. The proposed estimator in (3-3) in general outperforms the Lin-Ying estimator in
terms of both accuracy and precision. However, the differences in bias and standard

Table 1. Simulation summary statistics for estimators of bivariate survival
probabilities under univariate censoring and (X, Y)~ Clayton (t,,, =067)
based on 1000 samples

n=250 n=60
y x=0092 x=0336 x=0829 x=0092 x=0336 x=0829
0092 True 0-854 0-697 0456 0-854 0-697 0-456
Dab. —135 —-330 —226 —2-80 —546 —226
(227) (2:99) (3:56) (4-56) (6:03) (7:09)
P.-C —1-35 -331 —228 —2-81 —552 —236
(2:27) (2'99) (3-56) (4-56) (6:03) (7-09)
L.-Y. —1-61 -397 —341 —3-26 —730 -380
(2:31) (3-11) (3-66) (4-58) (6:18) (7-30)
(33) —0-34 —-331 —228 —1:30 —583 —2:63
(2-29) (3-02) (356) (4-54) (6-06) (7-08)
0336 True 0-697 0-625 0427 0-697 0-625 0-427
Dab. —1-55 —2:56 —-231 —350 —538 -314
(2-86) (3-09) (3-50) (6:26) (647) (7:07)
P-C. —1-57 —-259 —239 —3-55 —5-50 —343
(2-86) (3-09) (3-50) (6:26) (647) (7-07)
L.-Y. —2-13 —-293 —341 —477 —5-87 —4-31
(2-96) (320) (3-64) (6-39) (6-64) (7-34)
(3:3) —1-78 0-46 —240 -354 073 —315
(2:92) (3-14) (3-55) (6:32) (6:55) (7-12)
0-861 True 0-456 0-427 0369 0456 0-427 0-369
Dab. —2-53 277 —1-78 —363 —4-52 —293
(3-46) (3-42) (3-40) (7-29) (712) (7:01)
P.-C. —2-55 —285 —191 -372 —4-80 -2-50
(3-46) (342) (3-40) (7-29) (712) (7:02)
L.-Y. —327 —365 —-241 —651 —-722 —2-38
(3-56) (3-57) (3-56) (7-48) (7-40) (7-34)
(3-3) —2-78 —-317 212 —360 —439 6-98
(3-48) (3-48) (3-48) (7-32) (7-24) (7-22)

True, true survival probability; Dab., Dabrowska estimator; P.-C., Prentice—Cai estimator;
L.-Y, Lin—Ying estimator; (3-3), estimator proposed in (3-3).

In each cell, top figure is average bias (x 10°) of estimate; bottom figure, in parentheses, is
standard deviation (x 10?) of estimate.
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deviation among all the estimators are no greater than the order of 1073, We found these
conclusions also held for 7, , = 2. Table 2 compares the proposed estimator in (3-9) and
the two fully nonparametric estimators under independent censorship (z., ., =0) and
1,,, = 0:67. The proposed estimator behaves roughly as the Dabrowska and Prentice—Cai
estimators at most points but seems to be more variable in the tail region.

Table 3 examines the performance of the proposed estimator in (3-12) for n = 60, when
(Cy, C,) is generated from Clayton’s family with moderate correlation (., ., = 0-5) but
fitted by three different semiparametric models, namely Clayton’s family, Frank’s family
(Genest, 1987) and the log-copula family (Genest & Rivest, 1993). The dependence struc-
ture for Frank’s family is of the form

w} , (4-2a)

C,(u,v)=log, {1 +
a—1
where log, denotes the logarithm with base a (a > 0), which is related to Kendall’s tau by

=4y 1{D,(y) - 1}, (4:2b)

Table 2. Simulation summary statistics for estimators of bivariate survival
probabilities under independent censoring and (X, Y) ~ Clayton (t, , = 0-67)
based on 1000 samples

n=250 n=60
y x=0092 x=0336 x=0829 x=0092 x=0336 x=0829
0092 True 0-854 0-697 0456 0-854 0697 0456
Dab. 025 —2-18 0-68 —007 —1-06 1-17
(2:35) (3-14) (3-72) (4:69) (621) (7-04)
P.-C. 025 —220 024 —0-08 —113 1-01
(2:35) (3-14) (3-72) (4-69) (621) (7-04)
(39) 0-26 —2-16 029 —-007 032 0-69
(2-42) (3-30) (3-90) (4-85) (6:60) (7-36)
0336 True 0-697 0-625 0-427 0697 0625 0427
Dab. —-057 —2-39 —-009 059 —010 1-58
(3-06) (3-29) (3-68) (6:07) (6:45) (6:99)
P.-C. —0-58 —248 —-0-26 051 —052 0-62
(3:06) (3-30) (3-69) (6:07) (6:47) (6:98)
(39) —064 -2:19 —0-08 0-84 0-27 022
(324) (3:76) (4-18) (6-33) (7-40) (7-99)
0829 True 0-456 0427 0-369 0-456 0427 0-369
Dab. —-1-12 —164 004 —370 —421 —104
(3:62) (3-53) (3-42) (7-11) (6-80) (6-98)
P.-C. —116 —1-86 —-071 —383 —497 —391
(3-62) (3-54) (3-43) (7-11) (6:81) (6-89)
(39) —1-58 —1-89 —-0-67 —398 —~442 —2-45
(3:75) (4-06) (4-45) (7-40) (7-84) (9-05)

True, true survival probability; Dab., Dabrowska estimator; P.-C., Prentice—Cai estimator
proposed in (3-9).

In each cell, top figure is average bias (x 10°) of estimate; bottom figure, in parentheses, is
standard deviation (x 10?) of estimate.
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where y = —loga and D,(.) is the Debye function of order 1 defined by

WEIING WANG AND MARTIN T. WELLS

Table 3. Robustness study for the estimator pro-

posed in (3-12) when (X, Y) ~ Clayton (, , = 0:67)

and (Cy, C;)~ Clayton (z., ., =035) but (Cy,C;)

is fitted by different models without estimated
parameters; n = 60

y x = 0092 x=0336 x=0829
0092 True 0-854 0-698 0-346
FO  _272(490) —302(632) —290(7:32)
Fe —0-50 (479) —1-18(644) —3-32(7-46)

F:F'* —224 (478) —449 (641) —542(7-44)
£gn 179 (490) —061(632) —022(734)

F¥ —048 (479) —097(643) —284(741)

EE*  _385(610) —486(676) —479(7-39)
0336 True 0697 0-625 0-427

FO 483 (651) —491(711) —346(773)

e —0-04 (6:19) —033(696) —0-08(7-79)

FFx 330 (616) —827(687) —672(767)
FSn _245(649) 199 (709) 550 (7-80)

£ 024 (619) 050 (688) —4-59 (7-74)

FEe _3.38(654) —737(708)  1:56(7-62)
0829 True 0346 0427 0369

FSn _152(737) —080(782) —143(819)

£ 151 (721)  395(754) 626 (833)

FPx 058 (7-18) —273(743) —311(812)
Fg= 1-14 (7-38) 8-20 (7-87) 14-68 (8-:29)
F¥ 2:02 (7-20) 5-54 (7-47) 9-53 (8-31)
FE= 1-11 (7-16) —0-58 (7-35) 0-49 (802)
True, true survival probability; Cln, Clayton; lc, log-copula;
Frk, Frank.
In each cell, first figure is average bias (x 10°) of estimate;

second figure, in parentheses, is standard deviation (x 10%)
of estimate.

D )—l 7—t——dt
l(y—y oe‘—l *

The log-copula family in general has two parameters with the dependence structure

C,(u, v) =exp(ay[1 — {(1 —logu)**! + (1 —logv)**! — 1} /* DY),

Letting oy = 1, we have

Recall that the estimator in (3-12) has the following general expression:

_ © exp(—2t)
_L (1+¢) at

A(x, y)

Foo =@ . 600

(4:3a)

(4-:3b)
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Denote by FS® the estimator when C,(., .) is fitted by Clayton’s family and « is the value
corresponding to the true value of 7., .. If t=0-5 in equation (4-1b), « = 3. Similarly,
denote by FF™ the estimator in (3-12) by fitting Frank’s family with o = 5-8, which is
obtained by inverting equation (4-2b). Now F' is the proposed estimator by fitting the
log-copula family with « = 3-3. When the value of 7. ., is unknown, it is estimated using
the method by Brown, Hollander & Korwar (1974), which adjusts the relative concord-
ance/discordance probabilities of (C,, C,) by the Kaplan—Meier estimators of G,(.) (i=
1,2). Once an estimate of 7., ., is obtained, the formulae in (4-1b), (4-2b) and (4-3b) can
be inverted to estimate the corresponding values of &, denoted by &. In principle, F$™ can
be thought of as the possibly best candidate for (3-12) since C,(.,.) is fitted by the true
dependence structure and the true parameter value. Also an estimate of « obtained through
estimating Kendall’s tau, even under consistency, often produces large variation (Maguluri,
1993). We used this method to estimate a in the simulations since it is easy to compute
and also it may be interesting to see what is the effect of such a poor estimate of a nuisance
parameter on the performance of F(x, y). Table 3 shows that all the estimators perform
reasonably well even when the model is misspecified. The effect of estimating a seems to
vary for different models. Estimator F$™ has much poorer performance than that of F&
in the tail region but is fine at other points. The differences between F; and F, for Frank’s
model and the log-copula model are less obvious. In the case with n = 250 the biases were
roughly the same but the variances were about half the size of those with n = 60.

5. A REAL DATA EXAMPLE

In this section, we study the well-known dataset discussed in Holt & Prentice (1974)
and Lin & Ying (1993). The dataset consists of 11 paired survival times, in days, of closely

Table 4. Survival days of skin grafts on burn patients
(@) Raw data

Patient i
1 2 3 4 5 6 7 8 9 10 1
)é 37 19 574+ 93 16 22 20 18 63 29 60+
¥, 29 13 15 26 11 17 26 21 43 15 40

(b) Estimation of G(x V y) using the method proposed in (2-1b)
xVy
37 19 57 93 16 22 26 21 63 29 60

G, (x) 1 1 1 65 1 1 1 1 05 1 075
Gi(y) 1 1 1 1 1 1 1 1 1 11
G,AG, 1 1 1 6s 1 1 1 1 05 1 075
(¢) Estimation of G(x V y) using the Lin—Ying approach
xVy
37 19 57 93 16 22 26 21 63 29 60
8¢ 0 0 1 0 0 0 0 0 0 o0 1

Giy() 11 1 05 1 1t 1 05 1 075

X, close match survival time; ¥;, poor match survival time.
G1(x) A G4(y), proposed estimator of G(x V ).
GLy(x V y), Lin-Ying estimator of G(x V y).
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and poorly matched skin grafts on the same burn patient. This is a perfect example of
univariate censorship. From the raw data listed in Table 4(a), it can be seen that, for the
two singly censored data points, (57 +, 15) and (60+, 40), the censored component must
be greater than the observed component. Tables 4(b) and (c) show how G(x V y) is esti-
mated using the method proposed in (2-1b) and the Lin-Ying estimator, respectively. For
this dataset, 67=1 (i=1,...,n) and hence G,(y)=1 for all y, which implies that
G1(x) A Gy(y) = G, (x) for all x. Also note that §¢=1—8767=1—67 (i=1,...,n), that
8¢ determines the censoring status of C = X v ¥ using the Lin-Ying estimator of G(x V y)
and that 1 — 6* determines the censoring status for computing G,(x). Thus the two esti-
mators coincide with each other in this example.
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APPENDIX
Proofs

In the following proofs, (Q2, #, ) denotes the underlying probability space. Strong consistency
results for the marginal quantities H,(.), F,(.) and G,(.) (i=1, 2) will be used. Since the univariate
censoring structure does not satisfy the differentiability condition on C(.,.), Theorem 1 is proved
separately. Theorem 3 is a special case of Theorem 5 and thus only the proof of the latter is
provided. The weak convergence derivations in Theorems 2, 4 and 6 are also presented here.

Proof of Theorem 1. Consider the case that x = y; by monotonicity of the survival function,
G,(x) € G,(y). If G,(x)= G,(y), then, by strong consistency of G,(.) (i=1,2), G,(x) = G,(y) with
probability 1. Consider another case when x >y and G,(x) < G,(y). We would like to show that
G(x, y) = G,(x) A G,(y)— G,(x) with probability 1. Note that, for any x > y with G,(x) < G,(y) and
we

|G(x, y) — G(x, NI =1G,(x, w) — G, () H{G,(x, w) < G,(y, )}
+1Ga(y, @) — G, ()| H{G, (x, w) > G,(y, )}, (A1)

where G,(t, ) denotes the value of the random function G,(.) evaluated at ¢ for the outcome w € Q.
We show that, for any x > y with G;(x) < G,(y),

pr[lim sup {G,(x, ) > Gy(y, w)}] =0.
Letting G,(y) — G,(x)= 6> 0, we get
{w: Gy(x, 0) > G3(y, @)} € {o: G, (x, ) — G (x)] +|G2(y, @) — G2(y)| > 8} (A2)

It can be shown that, for two random variables X(w) and Y(w) and any ¢ > 0, there exists § >0
such that

{o: | X()] +|Y(w)| 2 &} < {w: [ X(0)] 25} VU{w: | Y(w)| = 6}
Hence we can conclude that there exists 6* > 0 such that

{@: G (x, 0) > Gy(y, W)} € {0:|G(x, @) — G4 (x)| 2 8*} U {w: |Go(y, @) — G2(y)| 2 6%} A3

Taking lim sup in (A-3) and applying a property of the lim sup function (Billingsley, 1985, p. 60),
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we get that there exists §* > 0 such that
lim sup {w: G,(x, ) > G,(y, w)}
< lim sup {w: |G, (x, ®) — G(x)| > 6*} Ulim sup {o: | Gy, @) — G(y)| > 6*}.

Strong consistency of G,(.) (i=1,2) leads to pr[lim sup {w: G, (x, ®) > G,(y, w)}]=0. Hence by
(A‘1) and monotonicity it follows that, for x > y,

HG1(x) A Go(3)} — Gi(x)| =16, (x) — G4 (x)] (A-4)
with probability 1. By strong consistency of G,(.), we can show that, for any £> 0,

pr [sgp 1{G,(x) A Go(»)} — G1(x)| > e] <pr {Sup |G, (x, ©) — Gy (x)| > e} =0.

Similar arguments can be established for the case when x < y. O

Proof of Theorems 3 and 5. Since Theorem 3 is a special case of Theorem 5, we shall prove the
more general result. Consider the expression in (3-13). We first show that

C{G1(x), Go(3)} = ColGy(x), Go( 1)}

with probability 1.
Since C,(., .) has continuous first and second derivatives in both arguments and is defined on a
compact set, the derivatives are bounded. Specifically, there exist M; < oo (i=1, 2, 3, 4, 5) such that

0C,(u, v) 0C,(u, ) 1 02C,(u, v) <M
u |V aw | 2] e [T
1|8%*C,(u, v) 02C,(u, v)
“|l— <M, |—F/—F—| <M.
2 ov? 4 Ou ov 3

By the Taylor expansion in (3-14), for any x, y and w € Q, it follows that
sup | G(x, y; @) — G(x, )| < My sup |G, (x, @) — G1(x)| + M; sup | G,(y, @) — Gy(y)|
X,y x ¥y

+ M; sup |Gy (x, @) = Gy (x)I* + M, sup 1Ga(y, @) = G (I
+ M, sup 1G1(x, @) = G1(x)| 1Ga(y, @) — G2 (). (A5)

By similar arguments as in the previous proof and taking the lim sup, one can show, for any ¢ > 0,
there exists 6 > 0 such that

pr {wr sup | G(x, y; @) — G(x, y)| > e}
<pr {603 sup |G, (x, w) — G,(x)| > 5/M1} + pr {COI sup |G,(y, @) — G,(y)| = 5/Mz}
+pr{w: sup |G, (x, ) — G, (x)]* > 5/M3} + pr {w: sup |G,(y, w) — G,(y)I* > 5/M4}

+pr {wi sup 1G1(x, @) — G (x)| 1G2(y, ©) — Go(y)] = 5/Ms}- (A-6)

Since each M, is bounded and thus /M, > 0 for § > 0, each term on the right-hand side of (A-6)
has probability zero. Hence

pr {w: sup |G(x, y; w) — G(x, y)| = 8} =0
x,y

TT0Z ‘Z lquisaeq uo AriqiT AseAlun Buny ceiyd feuoieN 1 /BI0'SeuInopIo xo ewoig//:dny Woijy papeoumod


http://biomet.oxfordjournals.org/

878 WEDING WANG AND MARTIN T. WELLS

and C,{G,(x), G;(3)} - C,{G,(x), G,(»)} with probability 1. By (3-15), we can show that, if 4C, /da
and 02C,/da? are bounded and & —« with probability one, then

Cs{G,(x), Gy ()} — C, 4Gy (x), Gy ()} =0

with probability 1. Therefore G(x, y)— G(x, y) with probability 1. By (1-2) it is easy to show that
F(x, y)— F(x, y) with probability 1. 0

Proof of Theorems 2, 4 and 6 on weak convergence of n*{F(x, y) — F(x, y)}. Each process in (3-2)
converges to a mean zero Gaussian process. By (3-4), (3-10) and (3:19), n*{F(x, y) — F(x, y)} can
be expressed in terms of the sum of these processes and thus will converge to a mean zero Gaussian
process on the bivariate Cadlag space on [0, ¢,] x [0, t,], where (t,, t,) is such that H(¢,,t;) > 0.
To derive its asymptotic variance in each case, the following expressions are useful:

(A, y)— Hix, )} =n™ ¥ UK > x, %2 9) - Hx, ),

i=]

nH (A, (0) — Hy ()} =nt 3 (1%, > %) — Hy ()},

i=1

nEL0) — Ha) =n™* 3 (%> )~ H (), A7)
i=1

n x d 1
mHF, () — Fy(x)} = —n-*Fl(x){ ) f - (f)‘)} +0,(1),
0 1

im]
n Y dM

)~ R = —n-mp { § [ 400 o),
i=1

where
dMy(u) = dI(X; <u, 67 = 1)~ I(X > w)A, (du), (A8)
dM,(u) =dI(Y; <u, 67 =1)— (Y > w)A,(du).

Denote by avar(.) the asymptotic variance of (.). By elementary probability arguments and some
known results on the univariate Kaplan—Meier estimator, it can be shown that

avar{A(x, y)} = —l——- — 1, avar{B(t)} = —1— (i=1,2),

H(x, y) H(1)
avar{C,(t)} = J“ M acov {B‘(t) C[(t)} = — It Ldu) (l =1 2):
o Hi(u)’ ’ o Hi¥) ’
1 1
acov{A(x, y), B,(x)} = — m +1, acov{A(x,y), B;(y)} = — _Hz(y) +1,
~ * A, (du) _ Y Ay(du)
acov{A(x, y), C,(x)} = J; _H1 @’ acov{A(x, y), C2(y)} = J; Hy()’
H(x, y)
acov {B,(x), B,(y)} = m -1
v B2, o] = . l(x) J*y pr{X=>x Yelv,v+ i:);(i)r =1} — H(x, v)Az(dv)’
1 0

priX e[u,u+du),6*=1, ¥ >y} — H(u, y)A,(du)
H,(w) ’

1 x
acov{B,(y), C,(x)} = H,(y) J
o

TT0Z '/ Jequiaeq uo AlqiT AseAaiun Buny ceiyd euoieN e /BI0'S euinolpio xo ewoig)/:ony wWwoi) papeo umod


http://biomet.oxfordjournals.org/

Estimating bivariate survival functions 879

P r H(u, v) H(du v)
acov{C,(x), C;(y)} = J; J; H@H,0) {Au(d“, dv) — H, v) i Aa(dv)
H dv) | )+ A dw)A,d
- H(w, v) 1{du) + A (du)A;(dv) ¢ .

Also, by integration by parts, one can derive the following useful identities:

J'Ai(du)=_ J dF@ _ 1 f _d6w .y (A9)
0

H,(u) o FiWG,(w) H,(2) Fi(4)G3(u)
Hence
_ TG __ | 4G :
avar{D,(z)} =1— J; F )G @)’ acov{Ad, Di(2)} = — J; WG (i=12). (A10)
The identities in (A-9) and (A-10) are then used to deduce (3-5b) and (3-6b). O
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